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1 Introduction

Recently in [1] a new kind of massive gravity has been discovered in three dimensions. In

this new massive gravity, higher derivative terms are added to the Einstein Hilbert action

and unlike in topological massive gravity, parity is preserved in this new massive gravity.

This new massive gravity is equivalent to the Pauli-Fierz action for a massive spin-2 field

at the linearized level in asymptotically Minkowski spacetime. In [2, 3], the unitarity of

this new massive gravity and the new massive gravity with a Pauli-Fierz mass term was

examined. Warped AdS black hole solutions for this new massive gravity with a negative

cosmological constant have been found in [4].

In [5], the linearized gravitational excitations of this new massive gravity around

asymptotically AdS3 spacetime has been studied. There are four branches of highest weight

graviton solutions satisfying the Brown-Henneaux boundary conditions in this theory: the

left and right moving massless gravitons and the left and right moving massive gravitons. It

was found that there is also a critical point for the mass parameter at which massive gravi-

tons become massless as in topological massive gravity [6, 7] in AdS3 [8] (other interesting

discussions on topological massive gravity theory could be found in [9–26]). At the critical

point, the leftmoving and rightmoving central charges are both zero and the energy of all

branches of highest weight gravitons vanish under the Brown-Henneaux boundary condi-

tions. It was conjectured that the new massive gravity may be trivial at the critical point

under Brown-Henneaux boundary conditions. However, the consistency of the Brown-

Henneaux boundary conditions with the new massive gravity in asymptotically AdS3 was

– 1 –
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not shown in [5]. In this note we will first study the consistency of the Brown-Henneaux

boundary conditions with the new massive gravity in asymptotically AdS3. We find that

Brown-Henneaux boundary conditions are consistent with the theory for any value of the

mass parameter. At the critical point, both the left moving and right moving conserved

charges are zero. This provides further evidence that the new massive gravity in AdS3 may

be trivial at the critical point under Brown-Henneaux boundary condtions.

As is shown in [11], at the chiral point of topological massive gravity theory there can

be a new kind of solution which does not obey Brown-Henneaux boundary conditions. This

kind of solution appears at the chiral point because the left moving massless graviton and

the left moving massive graviton degenerate at the point. To include this new solution to

the theory, the boundary conditions should be relaxed to the log boundary conditions [22,

25, 26], and under this kind of log boundary conditions in topological gravity in AdS3,

the left moving conserved charge is no longer zero and the theory is not chiral at the

chiral point. In this note, we show that the new kind of solution also exists in the new

massive gravity. We can also take the log boundary conditions to include the new solutions.

We find that under the log boundary conditions, the conserved charges are divergent for

general value of the mass parameter while at the critical point, the log boundary condition

is consistent with the theory.

Different from in Chiral gravity, because in this theory, the right moving massless and

massive gravitons also degenerate at the critical point as well as the left moving modes, we

can have two new solutions. We can also relax the boundary conditions to the log boundary

condition in this theory to include the new solutions. Depending on which solutions we

want to include, we can have three kinds of log boundary conditions: one for the left moving

new solution, one for the right moving and one for both modes. In the first two cases, after

imposing the log boundary conditions we can only get nonzero conserved charge for one

of the two modes and the conserved charge for the other mode is still zero. This can be

viewed as a new kind of log chiral gravity, which is realized by imposing different boundary

conditions for the left moving and right moving modes respectively. In the last case, we

can have nonzero conserved charges for both modes.

The structure of our work is as follows. In section 2 we will review the new massive

gravity in asymptotically AdS3 and write out the formula for the calculation of conserved

charges in this theory. In section 3 we examine the consistency of the Brown-Henneaux

boundary conditions. In section 4 we study the log boundary conditions. Section 5 is

devoted to conclusions and discussions.

2 The basic setup

In this section we will first review the new massive gravity theory [1, 5] with a negative

cosmological constant and then derive the useful formulae for calculating the conserved

charges with given boundary conditions.

– 2 –
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2.1 The new massive gravity theory

The action of the new massive gravity theory can be written as1 [1]

I =
1

16πG

∫

d3x
√
−g

[

R− 2λ− 1

m2
K

]

, (2.1)

where

K = RµνRµν − 3

8
R2, (2.2)

m is the mass parameter of this massive gravity and λ is a constant which is different from

the cosmological constant. The equation of motion of this action is

Gµν + λgµν − 1

2m2
Kµν = 0 (2.3)

where

Kµν = −1

2
∇2Rgµν −

1

2
∇µ∇νR+ 2∇2Rµν + 4RµανβR

αβ − 3

2
RRµν −RαβR

αβgµν +
3

8
R2gµν .

(2.4)

One special feature of this choice of K is that gµνKµν = K.

After introducing a non-zero λ, the new massive gravity theory could have an AdS3

solution

ds2 = ḡµνdx
µdxν = ℓ2(− cosh2 ρdτ2 + sinh2 ρdφ2 + dρ2), (2.5)

and the λ in the action should be related to the cosmological constant Λ and the mass

parameter by

m2 =
Λ2

4(−λ+ Λ)
, (2.6)

and

Λ = −1/ℓ2. (2.7)

It would be useful to introduce the light-cone coordinates τ± = τ ± φ, then the AdS3

spacetime (2.5) could be written as

ds2 =
ℓ2

4
(−dτ+2 − 2 cosh 2ρdτ+dτ− − dτ−2 + 4dρ2). (2.8)

For convenience we define

Gµν = Rµν − 1

2
gµνR+ Λgµν , (2.9)

and by expanding gµν = ḡµν + hµν around AdS3, we could obtain the equation of motion

for the linearized excitations hµν as

(2m2 + 5Λ)G(1)
µν − 1

2
(ḡµν∇̄2 − ∇̄µ∇̄ν + 2Λḡµν)R(1) − 2(∇̄2G(1)

µν − ΛḡµνR
(1)) = 0, (2.10)

1 We take the metric signature(-,+,+) and follow the notation and conventions of MTW [27]. We assume

m
2

> 0 and G is the three dimensional Newton constant which is positive here.
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where

R(1)
µν =

1

2
(−∇̄2hµν − ∇̄µ∇̄νh+ ∇̄σ∇̄νhσµ + ∇̄σ∇̄µhσν), (2.11)

R(1) ≡ (Rµνg
µν)(1) = −∇̄2h+ ∇̄µ∇̄νh

µν − 2Λh, (2.12)

G(1)
µν = R(1)

µν − 1

2
ḡµνR

(1) − 2Λhµν . (2.13)

After gauge fixing, we can solve the equation of motion (2.10) and obtain two sets of solu-

tions. One set is the left moving and right moving highest weight massless gravitons with

weights (2, 0) and (0, 2) respectively. The other set is the (6+
√

2+4m2ℓ2

4 , −2+
√

2+4m2ℓ2

4 ) and

(−2+
√

2+4m2ℓ2

4 , 6+
√

2+4m2ℓ2

4 ) highest weight massive gravitons. Both the non-negativeness

of the central charge and the non-negativeness of the mass of gravitons demand that

m2ℓ2 ≥ 1/2.

Very analogous to topological massive gravity theory in AdS3, interesting things hap-

pen at the special point m2ℓ2 = 1/2. The massive gravitons become massless at this point

and both the central charges and the energy of all branches of gravitons become zero. This

implies that the theory may be trivial at the special point under Brown-Henneaux boundary

conditions. In the next section we will show that Brown-Henneaux boundary conditions are

consistent with this theory and at the critical pointm2ℓ2 = 1/2 all conserved charges vanish.

2.2 Conserved charges

In this subsection we will give the basic formulae to calculate the conserved charges using

the covariant formalism [26, 32–34] (see also [35–42]) for this new massive gravity.

The covariant energy momentum tensor for the linearized gravitational excitations of

this new massive gravity theory can be identified as

32πm2GTµν = (2m2 + 5Λ)G(1)
µν − 1

2
(ḡµν∇̄2 − ∇̄µ∇̄ν + 2Λḡµν)R(1) − 2(∇̄2G(1)

µν − ΛḡµνR
(1)).

(2.14)

It can be checked that the conservation of this energy momentum tensor ∇̄µTµν = 0 could

be obtained from the following equations:

∇̄µG(1)
µν = 0

∇̄µ(ḡµν∇̄2 − ∇̄µ∇̄ν + 2Λḡµν)R(1) = 0

∇̄µ(∇̄2G(1)
µν − Λḡµν)R(1) = 0. (2.15)

It’s shown in [43, 44] that when the background spacetime admits a Killing vector ξµ,

the current

Kµ = 16πGξνT
µν (2.16)

is covariantly conserved ∇̄µKµ = 0. Then there exists an antisymmetric two form tensor

Fµν such that

Kµ = 16πG∇̄νFµν (2.17)

and the corresponding charge could be written as a surface integral as

Q(ξ) = − 1

8πG

∫

M

√
−ḡK0 = − 1

8πG

∫

∂M
dSi

√
−ḡF0i, (2.18)

– 4 –
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where ∂M is the boundary of a spacelike surface M . We have chosen M as constant time

surface here and the expression is under the coordinate system of (2.5).

We can rewrite each term in the expression of the energy momentum tensor (2.14) as

a total covariant derivative term [43, 44] using the definition and the following properties

of Killing vectors:

∇̄µξ
µ = 0, ∇̄σ∇̄µξσ = 2Λξµ, ∇̄2ξσ = −2Λξσ, (2.19)

to be

2ξνG(1)µν = ∇̄σ

{

ξν∇̄µhσν − ξν∇̄σhµν + ξµ∇̄σh− ξσ∇̄µh

+hµν∇̄σξν − hσν∇̄µξν + ξσ∇̄νh
µν − ξµ∇̄νh

σν + h∇̄µξσ

}

(2.20)

ξν

(

ḡµν∇̄2 − ∇̄µ∇̄ν + 2Λgµν

)

R(1) = ∇̄σ

{

ξµ∇̄σR(1) +R(1)∇̄µξσ − ξσ∇̄µR(1)
}

(2.21)

ξν

(

∇̄2G(1)µν − ΛḡµνR(1)
)

= ∇̄σ

{

ξν∇̄σG(1)µν − ξν∇̄µG(1)σν − G(1)µν∇̄σξν

+G(1)σν∇̄µξν

}

+ 2ΛξνG(1)µν . (2.22)

Thus we could write

ξνT
µν = ∇̄σFµσ , (2.23)

where

Fµσ =

(

1 − 1

2m2ℓ2

)

1

2

{

ξν∇̄µhσν − ξν∇̄σhµν + ξµ∇̄σh− ξσ∇̄µh

+hµν∇̄σξν − hσν∇̄µξν + ξσ∇̄νh
µν − ξµ∇̄νh

σν + h∇̄µξσ
}

− 1

4m2

{

ξµ∇̄σR(1) +R(1)∇̄µξσ − ξσ∇̄µR(1)
}

− 1

m2

{

ξν∇̄σG(1)µν − ξν∇̄µG(1)σν − G(1)µν∇̄σξν + G(1)σν∇̄µξν

}

. (2.24)

Thus the conserved charge (2.18) becomes

Q(ξ) = − 1

8πG

∫

∂M
dSi

√
−ḡF0i. (2.25)

Here we choose the spacelike surface as the constant time surface. For asymptotic AdS3

spacetime, the expression for the conserved charge could be simplified as

Q(ξ) = − lim
ρ→∞

1

8πG

∫

dφ
√
−ḡF0ρ, (2.26)

where ρ is the radial coordinate of AdS3. Note that here to get the formula for the conserved

charges, we have used the definition of the Killing vectors ∇̄µξν + ∇̄νξµ = 0 which does not

hold any more for asymptotic symmetries of the spacetime. Thus for asymptotic symme-

tries which do not obey ∇̄µξν + ∇̄νξµ = 0, (2.23) is no longer a conserved quantity and we

need to add some terms composed by ∇̄µξν+∇̄νξµ and hµν [21]. However, the formula (2.26)

will still be valid to the linearized level of gravitational excitations in our consideration.

– 5 –
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3 Brown-Henneaux boundary condition

In this section we will analyze the Brown-Henneaux boundary condition [45] for the new

massive gravity theory. We will calculate the conserved charges corresponding to the

generators of the asymptotical symmetry under this boundary condition and see whether

all the charges are finite or not. In this and the following sections we will work in the global

coordinate system (2.5).

The Brown-Henneaux boundary condition for the linearized gravitational excitations

in asymptotical AdS3 spacetime can be written as







h++ = O(1) h+− = O(1) h+ρ = O(e−2ρ)

h−+ = h+− h−− = O(1) h−ρ = O(e−2ρ)

hρ+ = h+ρ hρ− = h−ρ hρρ = O(e−2ρ)






(3.1)

in the global coordinate system.

The corresponding asymptotic Killing vectors are

ξ = ξ+∂+ + ξ−∂− + ξρ∂ρ

=
[

ǫ+(τ+) + 2e−2ρ∂2
−ǫ

−(τ−) + O(e−4ρ)
]

∂+

+
[

ǫ−(τ−) + 2e−2ρ∂2
+ǫ

+(τ+) + O(e−4ρ)
]

∂−

−1

2

[

∂+ǫ
+(τ+) + ∂−ǫ

−(τ−) + O(e−2ρ)
]

∂ρ. (3.2)

Because φ is periodic, we could choose the basis ǫ+m = eimτ+

and ǫ−n = einτ−

and denote

the corresponding Killing vectors as ξL
m and ξR

n . The algebra structure of these vectors is

i
[

ξL
m, ξ

L
n

]

= (m− n)ξL
m+n, i

[

ξR
m, ξ

R
n

]

= (m− n)ξR
m+n,

[

ξL
m, ξ

R
n

]

= 0. (3.3)

Thus these asymptotic Killing vectors give two copies of Virasora algebra. To calculate the

conserved charges using (2.26) we first parameterize the gravitons as follows

h++ = f++(τ, φ) + . . .

h+− = f+−(τ, φ) + . . .

h+ρ = e−2ρf+ρ(τ, φ) + . . .

h−− = f−−(τ, φ) + . . .

h−ρ = e−2ρf−ρ(τ, φ) + . . .

hρρ = e−2ρfρρ(τ, φ) + . . . ., (3.4)

where fµν depends only on τ and φ while not on ρ and the “. . . ” terms are lower order

terms which do not contribute to the conserved charges. After plugging (3.4) into (2.26)

and performing the ρ→ ∞ limit, we obtain

Q =
1

8πGℓ

∫

dφ

[(

1 − 1

2m2ℓ2

)

(

ǫ+f+++ǫ−f−−
)

−
(

1+
1

2m2ℓ2

)

(ǫ++ ǫ−) (16f+− − fρρ)

16

]

(3.5)

– 6 –



J
H
E
P
0
5
(
2
0
0
9
)
0
3
9

for this theory. Three components of the equation of motion (2.10), which do not involve

second derivative terms, can be viewed as asymptotic constraints. The ρρ component gives

16f+− − fρρ = 0 (3.6)

at the boundary and the +ρ and −ρ components give

(1 − 2m2ℓ2)∂−f++ = (1 − 2m2ℓ2)∂+f−− = 0 (3.7)

respectively. After plugging in these boundary constraints, the conserved charges become

Q =
1

8πGℓ

∫

dφ

[(

1 − 1

2m2ℓ2

)

(

ǫ+f++ + ǫ−f−−
)

]

= QL +QR, (3.8)

where the left moving conserved charge is

QL =
1

8πGℓ

∫

dφ

[(

1 − 1

2m2ℓ2

)

(

ǫ+f++

)

]

, (3.9)

and the right moving conserved charge

QR =
1

8πGℓ

∫

dφ

[(

1 − 1

2m2ℓ2

)

(

ǫ−f−−
)

]

. (3.10)

The left moving and right moving conserved charges fulfill two copies of Virasoro algebra

with central charges

cL = cR =
3ℓ

2G

(

1 − 1

2m2ℓ2

)

, (3.11)

which are the same with the ones obtained in [5, 28–31]. We can see that the conserved

charges Q are always finite for arbitrary value of m, so the Brown-Henneaux boundary

condition is always consistent with the new massive gravity theory. At the critical point

m2ℓ2 = 1/2, the conserved charges vanish which provides further evidence to our previous

conjecture [5] that the new massive gravity theory may be trivial at the critical point under

the Brown-Henneaux boundary condition.

4 Log boundary conditions

At the critical point m2ℓ2 = 1/2, new solutions of the equation of motion (2.10) can be

constructed following [11] to be

ψnew
µν ≡ lim

m2ℓ2→1/2

ψM
µν(m2ℓ2) − ψm

µν

m2ℓ2 − 1/2
. (4.1)

Note here that we have both left and right moving massive and massless modes, so we

could obtain both left and right moving new solutions, which are

ψnewL
µν ≡ lim

m2ℓ2→1/2

ψML
µν (m2ℓ2) − ψmL

µν

m2ℓ2 − 1/2
= y(τ, ρ)ψmL

µν (4.2)

– 7 –
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and

ψnewR
µν ≡ lim

m2ℓ2→1/2

ψMR
µν (m2ℓ2) − ψmR

µν

m2ℓ2 − 1/2
= y(τ, ρ)ψmR

µν (4.3)

respectively. The function

y(τ, ρ) = (−iτ − ln cosh ρ)/2 (4.4)

is the same for the two solutions.

These new solutions do not obey the Brown-Henneaux boundary conditions. The

energy of these new solutions can be calculated using the Ostrogradsky procedure [8, 11,

46] to be a negative, finite and time-independent value, which is − 49
576Gℓ3 for the specific

solutions (4.2) and (4.3). This may suggest the instability of the AdS3 vacuum under the

relaxed boundary conditions. However, it may still be stable non-perturbatively and it is

still useful to analyze the new boundary conditions.

4.1 Left moving relaxation

In order to include these new interesting solutions, the boundary conditions need to be

loosened [22, 25, 26]. Earlier investigations on the relaxation of the boundary conditions

for gravity coupled with scalar fields in anti-de Sitter spacetime could be found in [47–

51]. Because we have two new solutions, we can relax the boundary condition either to

include one of the two solutions or to include both. Thus there are three kinds of boundary

conditions. In this subsection we analyze the first kind of these, which is exactly the same

as the one used in topological massive gravity for µ > 0.

We relax the boundary condition as follows2 to include the solution ψnewL
µν :







h++ = O(ρ) h+− = O(1) h+ρ = O(ρe−2ρ)

h−+ = h+− h−− = O(1) h−ρ = O(e−2ρ)

hρ+ = h+ρ hρ− = h−ρ hρρ = O(e−2ρ)






. (4.5)

Then the corresponding asymptotic Killing vector can be calculated to be

ξ = ξ+∂+ + ξ−∂− + ξρ∂ρ

= [ǫ+(τ+) + 2e−2ρ∂2
−ǫ

−(τ−) + O(e−4ρ)]∂+

+[ǫ−(τ−) + 2e−2ρ∂2
+ǫ

+(τ+) + O(ρe−4ρ)]∂−

−1

2
[∂+ǫ

+(τ+) + ∂−ǫ
−(τ−) + O(e−2ρ)]∂ρ. (4.6)

Note that these asymptotic Killing vectors are different from (3.2) only in the subleading

order, so these also give two copies of Varasoro algebra the same as (3.3).

2This boundary condition is called the log boundary condition in the sense that if we change from the

global coordinate to the Poincare coordinate system, the relaxed term is a logarithmic function of the

radial coordinate.
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With this new boundary condition we can parameterize the asymptotic excitations

as follows

h++ = ρfL
++(τ, φ) + . . .

h+− = fL
+−(τ, φ) + . . .

h+ρ = ρe−2ρfL
+ρ(τ, φ) + . . .

h−− = fL
−−(τ, φ) + . . .

h−ρ = e−2ρfL
−ρ(τ, φ) + . . .

hρρ = e−2ρfL
ρρ(τ, φ) + . . . . (4.7)

Note that fL
µν depends only on τ , φ while not on ρ and the “. . . ” terms are subleading

terms which do not contribute to the conserved charge. After plugging (4.7) into (2.26)

and performing the ρ→ ∞ limit, we could obtain

Q =
1

8πGℓ

∫

dφ

[

(

1 − 1

2m2ℓ2

)

(∞) −
(

1+
1

2m2ℓ2

)

(ǫ++ ǫ−)(16fL
+− − fL

ρρ)

16
+

2ǫ+fL
++

m2ℓ2

]

.

(4.8)

Here the first term is a linear divergent term proportional to ρ at infinity, which is

caused by the relaxation of the boundary condition. We see that the conserved charges can

only be finite at the special point m2ℓ2 = 1/2, which means that the log boundary condition

is only well-defined at the special point m2ℓ2 = 1/2. There are now two asymptotic

constraints coming from the equation of motion (2.10), which are

16fL
+− − fL

ρρ = 0, (4.9)

and

∂−f
L
++ = 0. (4.10)

Now at the point m2ℓ2 = 1/2, the conserved charges become

QL =
1

2πGℓ

∫

dφ
[

ǫ+fL
++

]

, QR = 0. (4.11)

It’s interesting that though we have loosened the boundary condition to get nonzero left

moving charges, the right moving conserved charges are still zero. The original new massive

gravity theory has a left and right moving symmetry and we have symmetric left and right

moving modes. However, the “chiral” boundary condition (4.5) breaks this symmetry,

which leads to a “chiral” gravity which does not possess the left-right symmetry anymore.

Thus the new massive gravity with the boundary condition (4.5) can be viewed as a new

kind of log chiral gravity, the chirality of which is realized by imposing “chiral” boundary

conditions. Note here that the central charge for the left moving mode is still zero under

this boundary condition, similar to [25] for topological massive gravity.

4.2 Right moving relaxation

The second kind of boundary condition is similar to the first one, and can be obtained

from the first one by exchanging τ+ and τ−. This boundary condition is also the same to

the log boundary condition of chiral gravity with µ < 0.

– 9 –
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We relax the boundary condition of the gravitons to be






h++ = O(1) h+− = O(1) h+ρ = O(e−2ρ)

h−+ = h+− h−− = O(ρ) h−ρ = O(ρe−2ρ)

hρ+ = h+ρ hρ− = h−ρ hρρ = O(e−2ρ)






. (4.12)

Then the corresponding asymptotic Killing vector is

ξ = ξ+∂+ + ξ−∂− + ξρ∂ρ

= [ǫ+(τ+) + 2e−2ρ∂2
−ǫ

−(τ−) + O(ρe−4ρ)]∂+

+[ǫ−(τ−) + 2e−2ρ∂2
+ǫ

+(τ+) + O(e−4ρ)]∂−

−1

2
[∂+ǫ

+(τ+) + ∂−ǫ
−(τ−) + O(e−2ρ)]∂ρ. (4.13)

These asymptotic Killing vectors are different from (3.2) only to the subleading order, and

it also gives two copies of Varasoro algebra (3.3).

This time we can parameterize the asymptotic behavior of gravitons as follows

h++ = fR
++(τ, φ) + . . .

h+− = fR
+−(τ, φ) + . . .

h+ρ = e−2ρfR
+ρ(τ, φ) + . . .

h−− = ρfR
−−(τ, φ) + . . .

h−ρ = ρe−2ρfR
−ρ(τ, φ) + . . .

hρρ = e−2ρfR
ρρ(τ, φ) + . . . .. (4.14)

Note that fR
µν depends only on τ , φ while not on ρ and the “. . . ” terms are lower order

terms which do not contribute to the conserved charges. After plugging (4.14) into (2.26)

and performing the ρ→ ∞ limit, we reach

Q =
1

8πGℓ

∫

dφ

[

(

1 − 1

2m2ℓ2

)

(∞) −
(

1+
1

2m2ℓ2

)

(ǫ++ ǫ−)(16fR
+− − fR

ρρ)

16
+

2ǫ−fR
−−

m2ℓ2

]

.

(4.15)

The first term is also a linear divergent term and we can see that the conserved charges

can only be finite at the critical point m2ℓ2 = 1/2, which means that the Log boundary

condition is only well-defined for this special point. The two asymptotical constraints from

the equation of motion is now

16fR
+− − fR

ρρ = 0 (4.16)

and

∂+f
R
−− = 0. (4.17)

Thus at the critical point we have

QL = 0, QR =
1

2πGℓ

∫

dφ
[

ǫ−fR
−−

]

. (4.18)

This is also a new chiral gravity with log boundary conditions. The right moving central

charge is still zero.

– 10 –
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4.3 Both modes relaxation

In this subsection we consider the possibility that both ψnewL and ψnewR can be included

after the boundary conditions are relaxed. To reach this, we need to loosen the boundary

condition for the gravitational excitations to be







h++ = O(ρ) h+− = O(1) h+ρ = O(ρe−2ρ)

h−+ = h+− h−− = O(ρ) h−ρ = O(ρe−2ρ)

hρ+ = h+ρ hρ− = h−ρ hρρ = O(e−2ρ)






. (4.19)

The corresponding asymptotic Killing vector can be calculated to be

ξ = ξ+∂+ + ξ−∂− + ξρ∂ρ

= [ǫ+(τ+) + 2e−2ρ∂2
−ǫ

−(τ−) + O(ρe−4ρ)]∂+

+[ǫ−(τ−) + 2e−2ρ∂2
+ǫ

+(τ+) + O(ρe−4ρ)]∂−

−1

2
[∂+ǫ

+(τ+) + ∂−ǫ
−(τ−) + O(e−2ρ)]∂ρ. (4.20)

Note that these asymptotic Killing vectors are still different from (3.2) only to the sub-

leading order, so it also gives two copies of Varasoro algebra (3.3).

With this boundary condition we can parameterize the asymptotic behaviors of grav-

itational excitations as follows

h++ = ρfB
++(τ, φ) + . . .

h+− = fB
+−(τ, φ) + . . .

h+ρ = ρe−2ρfB
+ρ(τ, φ) + . . .

h−− = ρfB
−−(τ, φ) + . . .

h−ρ = ρe−2ρfB
−ρ(τ, φ) + . . .

hρρ = e−2ρfB
ρρ(τ, φ) + . . . . (4.21)

Here fB
µν depends only on τ , φ while not on ρ and the “. . . ” terms are lower order terms

which don’t contribute to the conserved charges. After plugging (4.21) into (2.26) and

performing the ρ→ ∞ limit, we have

Q =
1

8πGℓ

∫

dφ

[

(

1 − 1

2m2ℓ2

)

(∞) −
(

1 +
1

2m2ℓ2

)

(ǫ+ + ǫ−)(16fB
+− − fB

ρρ)

16

+
2ǫ+fB

++ + 2ǫ−fB
−−

m2ℓ2

]

. (4.22)

The first divergent term is still linear divergent and the conserved charges can only be

finite at the special point m2ℓ2 = 1/2. This means that this third kind of log boundary

condition is also only well-defined at the special point. Different from the previous two

kinds of log boundary conditions, now the equation of motions (2.10) gives three asymptotic

constraints, which are

16fB
+− − fB

ρρ = 0 (4.23)
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and

∂−f
B
++ = ∂+f

B
−− = 0 (4.24)

respectively.

After drawing terms which vanish under these constraints, we get

QL =
1

2πGℓ

∫

dφ
[

ǫ+fB
++

]

, QR =
1

2πGℓ

∫

dφ
[

ǫ−fB
−−

]

(4.25)

at m2ℓ2 = 1/2. This time the left moving and right moving conserved charges are both

nonzero. The left and right moving central charges are still zero with the same arguments

in [25].

5 Conclusion and discussion

In this note we have studied the Brown-Henneaux and log boundary conditions for new

massive gravity in asymptotically AdS3 spacetime. We find that the Brown-Henneaux

boundary conditions are always consistent with this theory and at a critical point m2ℓ2 =

1/2 the conserved charges all vanish and this can be viewed as further evidence that the

theory may become trivial at this point under the Brown-Henneaux boundary conditions.

Log boundary conditions can also be imposed to this new massive gravity, but it is only

consistent at the critical point m2ℓ2 = 1/2. According to the boundary conditions of which

components of the gravitons are relaxed, we have three kinds of log boundary conditions,

and each of them is consistent at the critical point. It is also interesting that the first two

kinds of log boundary conditions can give a new kind of log chiral gravity because we have

imposed boundary conditions which are not symmetric for the coordinates τ+ and τ−.

Although the log boundary conditions for the new massive gravity can be consistent to

the linearized level, the physical consistency of log gravity still needs to be studied. It will

be interesting to find solutions to the full equation of motion which can be viewed as nonlin-

ear generalizations of the linearized solutions which have the log asymptotic behavior found

in this paper, just as what has been done for topological massive gravity in [52, 53]. Also it

would be interesting to find other consistent boundary conditions for this new massive grav-

ity in asymptotically AdS3 at both the critical point and other values of the mass parameter.

Further understanding of this new massive gravity theory in asymptotically AdS3 and the

dual field theory would be helpful to the study of quantum gravity in three dimensions.

Acknowledgments

We would like to thank Wei Song, Daniel Grumiller and Niklas Johansson for helpful

and valuable discussions. This work was supported in part by the Chinese Academy

of Sciences with Grant No. KJCX3-SYW-N2 and the NSFC with Grant No. 10821504

and No. 10525060.

– 12 –



J
H
E
P
0
5
(
2
0
0
9
)
0
3
9

References

[1] E.A. Bergshoeff, O. Hohm and P.K. Townsend, Massive gravity in three dimensions,

arXiv:0901.1766 [SPIRES].

[2] M. Nakasone and I. Oda, On unitarity of massive gravity in three dimensions,

arXiv:0902.3531 [SPIRES].

[3] M. Nakasone and I. Oda, Massive gravity with mass term in three dimensions,

arXiv:0903.1459 [SPIRES].

[4] G. Clement, Warped AdS3 black holes in new massive gravity, arXiv:0902.4634 [SPIRES].

[5] Y. Liu and Y. Sun, Note on new massive gravity in AdS3, JHEP 04 (2009) 106

[arXiv:0903.0536] [SPIRES].

[6] S. Deser, R. Jackiw and S. Templeton, Topologically massive gauge theories,

Ann. Phys. 140 (1982) 372 [Erratum ibid. 185 (1988) 406] [Ann. Phys. 281 (2000) 409]

[SPIRES].

[7] S. Deser, R. Jackiw and S. Templeton, Three-dimensional massive gauge theories,

Phys. Rev. Lett. 48 (1982) 975 [SPIRES].

[8] W. Li, W. Song and A. Strominger, Chiral gravity in three dimensions, JHEP 04 (2008) 082

[arXiv:0801.4566] [SPIRES].

[9] S. Carlip, S. Deser, A. Waldron and D.K. Wise, Cosmological topologically massive gravitons

and photons, Class. Quant. Grav. 26 (2009) 075008 [arXiv:0803.3998] [SPIRES].

[10] K. Hotta, Y. Hyakutake, T. Kubota and H. Tanida, Brown-Henneaux’s canonical approach

to topologically massive gravity, JHEP 07 (2008) 066 [arXiv:0805.2005] [SPIRES].

[11] D. Grumiller and N. Johansson, Instability in cosmological topologically massive gravity at

the chiral point, JHEP 07 (2008) 134 [arXiv:0805.2610] [SPIRES].

[12] W. Li, W. Song and A. Strominger, Comment on “Cosmological topological massive gravitons

and photons”, arXiv:0805.3101 [SPIRES].

[13] M.-i. Park, Constraint dynamics and gravitons in three dimensions, JHEP 09 (2008) 084

[arXiv:0805.4328] [SPIRES].

[14] D. Grumiller, R. Jackiw and N. Johansson, Canonical analysis of cosmological topologically

massive gravity at the chiral point, arXiv:0806.4185 [SPIRES].

[15] S. Carlip, S. Deser, A. Waldron and D.K. Wise, Topologically massive AdS gravity,

Phys. Lett. B 666 (2008) 272 [arXiv:0807.0486] [SPIRES].

[16] G.W. Gibbons, C.N. Pope and E. Sezgin, The general supersymmetric solution of

topologically massive supergravity, Class. Quant. Grav. 25 (2008) 205005 [arXiv:0807.2613]

[SPIRES].

[17] D. Anninos, W. Li, M. Padi, W. Song and A. Strominger, Warped AdS3 black holes,

JHEP 03 (2009) 130 [arXiv:0807.3040] [SPIRES].

[18] S. Carlip, The constraint algebra of topologically massive AdS gravity, JHEP 10 (2008) 078

[arXiv:0807.4152] [SPIRES].

[19] G. Giribet, M. Kleban and M. Porrati, Topologically massive gravity at the chiral point is not

chiral, JHEP 10 (2008) 045 [arXiv:0807.4703] [SPIRES].

– 13 –

http://arxiv.org/abs/0901.1766
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0901.1766
http://arxiv.org/abs/0902.3531
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0902.3531
http://arxiv.org/abs/0903.1459
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0903.1459
http://arxiv.org/abs/0902.4634
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0902.4634
http://dx.doi.org/10.1088/1126-6708/2009/04/106
http://arxiv.org/abs/0903.0536
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0903.0536
http://dx.doi.org/10.1016/0003-4916(82)90164-6
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA,140,372
http://dx.doi.org/10.1103/PhysRevLett.48.975
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA,48,975
http://dx.doi.org/10.1088/1126-6708/2008/04/082
http://arxiv.org/abs/0801.4566
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0801.4566
http://dx.doi.org/10.1088/0264-9381/26/7/075008
http://arxiv.org/abs/0803.3998
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0803.3998
http://dx.doi.org/10.1088/1126-6708/2008/07/066
http://arxiv.org/abs/0805.2005
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0805.2005
http://dx.doi.org/10.1088/1126-6708/2008/07/134
http://arxiv.org/abs/0805.2610
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0805.2610
http://arxiv.org/abs/0805.3101
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0805.3101
http://dx.doi.org/10.1088/1126-6708/2008/09/084
http://arxiv.org/abs/0805.4328
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0805.4328
http://arxiv.org/abs/0806.4185
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0806.4185
http://dx.doi.org/10.1016/j.physletb.2008.07.057
http://arxiv.org/abs/0807.0486
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0807.0486
http://dx.doi.org/10.1088/0264-9381/25/20/205005
http://arxiv.org/abs/0807.2613
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0807.2613
http://dx.doi.org/10.1088/1126-6708/2009/03/130
http://arxiv.org/abs/0807.3040
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0807.3040
http://dx.doi.org/10.1088/1126-6708/2008/10/078
http://arxiv.org/abs/0807.4152
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0807.4152
http://dx.doi.org/10.1088/1126-6708/2008/10/045
http://arxiv.org/abs/0807.4703
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0807.4703


J
H
E
P
0
5
(
2
0
0
9
)
0
3
9

[20] A. Strominger, A simple proof of the chiral gravity conjecture, arXiv:0808.0506 [SPIRES].

[21] G. Compere and S. Detournay, Semi-classical central charge in topologically massive gravity,

Class. Quant. Grav. 26 (2009) 012001 [arXiv:0808.1911] [SPIRES].

[22] D. Grumiller and N. Johansson, Consistent boundary conditions for cosmological topologically

massive gravity at the chiral point, Int. J. Mod. Phys. D 17 (2009) 2367 [arXiv:0808.2575]

[SPIRES].

[23] A. Garbarz, G. Giribet and Y. Vasquez, Asymptotically AdS3 solutions to topologically

massive gravity at special values of the coupling constants, Phys. Rev. D 79 (2009) 044036

[arXiv:0811.4464] [SPIRES].

[24] M. Blagojevic and B. Cvetkovic, Canonical structure of topologically massive gravity with a

cosmological constant, arXiv:0812.4742 [SPIRES].

[25] M. Henneaux, C. Martinez and R. Troncoso, Asymptotically anti-de Sitter spacetimes in

topologically massive gravity, arXiv:0901.2874 [SPIRES].

[26] A. Maloney, W. Song and A. Strominger, Chiral gravity, log gravity and extremal CFT ,

arXiv:0903.4573 [SPIRES].

[27] C.W. Misner, K.S. Thorne and J.A. Wheeler, Gravitation, Freeman and Company, San

Francisco U.S.A. (1973), pg. 1279 [SPIRES].

[28] P. Kraus, Lectures on black holes and the AdS3/CFT2 correspondence, Lect. Notes Phys.

755 (2008) 193 [hep-th/0609074] [SPIRES].

[29] M.-I. Park, BTZ black hole with higher derivatives, the second law of thermodynamics and

statistical entropy, Phys. Rev. D 77 (2008) 126012 [hep-th/0609027] [SPIRES].

[30] M.-I. Park, Can Hawking temperatures be negative?, Phys. Lett. B 663 (2008) 259

[hep-th/0610140] [SPIRES].

[31] M.-I. Park, Thoughts on the area theorem, Class. Quant. Grav. 25 (2008) 095013

[hep-th/0611048] [SPIRES].

[32] G. Barnich and F. Brandt, Covariant theory of asymptotic symmetries, conservation laws

and central charges, Nucl. Phys. B 633 (2002) 3 [hep-th/0111246] [SPIRES].

[33] G. Barnich and G. Compere, Surface charge algebra in gauge theories and thermodynamic

integrability, J. Math. Phys. 49 (2008) 042901 [arXiv:0708.2378] [SPIRES].

[34] M. Guica, T. Hartman, W. Song and A. Strominger, The Kerr/CFT correspondence,

arXiv:0809.4266 [SPIRES].

[35] L.F. Abbott and S. Deser, Stability of gravity with a cosmological constant,

Nucl. Phys. B 195 (1982) 76 [SPIRES].

[36] V. Iyer and R.M. Wald, Some properties of Noether charge and a proposal for dynamical

black hole entropy, Phys. Rev. D 50 (1994) 846 [gr-qc/9403028] [SPIRES].

[37] I.M. Anderson and C.G. Torre, Asymptotic conservation laws in field theory,

Phys. Rev. Lett. 77 (1996) 4109 [hep-th/9608008] [SPIRES].

[38] C.G. Torre, Local cohomology in field theory with applications to the Einstein equations,

hep-th/9706092 [SPIRES].

[39] G. Barnich, F. Brandt and M. Henneaux, Local BRST cohomology in the antifield formalism.

1. General theorems, Commun. Math. Phys. 174 (1995) 57 [hep-th/9405109] [SPIRES].

– 14 –

http://arxiv.org/abs/0808.0506
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0808.0506
http://dx.doi.org/10.1088/0264-9381/26/1/012001
http://arxiv.org/abs/0808.1911
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0808.1911
http://dx.doi.org/10.1142/S0218271808014096
http://arxiv.org/abs/0808.2575
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0808.2575
http://dx.doi.org/10.1103/PhysRevD.79.044036
http://arxiv.org/abs/0811.4464
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0811.4464
http://arxiv.org/abs/0812.4742
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0812.4742
http://arxiv.org/abs/0901.2874
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0901.2874
http://arxiv.org/abs/0903.4573
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0903.4573
http://www.slac.stanford.edu/spires/find/hep/www?irn=6627595
http://arxiv.org/abs/hep-th/0609074
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0609074
http://dx.doi.org/10.1103/PhysRevD.77.126012
http://arxiv.org/abs/hep-th/0609027
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0609027
http://dx.doi.org/10.1016/j.physletb.2008.04.009
http://arxiv.org/abs/hep-th/0610140
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0610140
http://dx.doi.org/10.1088/0264-9381/25/9/095013
http://arxiv.org/abs/hep-th/0611048
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0611048
http://dx.doi.org/10.1016/S0550-3213(02)00251-1
http://arxiv.org/abs/hep-th/0111246
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0111246
http://dx.doi.org/10.1063/1.2889721
http://arxiv.org/abs/0708.2378
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0708.2378
http://arxiv.org/abs/0809.4266
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0809.4266
http://dx.doi.org/10.1016/0550-3213(82)90049-9
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B195,76
http://dx.doi.org/10.1103/PhysRevD.50.846
http://arxiv.org/abs/gr-qc/9403028
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=GR-QC/9403028
http://dx.doi.org/10.1103/PhysRevLett.77.4109
http://arxiv.org/abs/hep-th/9608008
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9608008
http://arxiv.org/abs/hep-th/9706092
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9706092
http://dx.doi.org/10.1007/BF02099464
http://arxiv.org/abs/hep-th/9405109
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9405109


J
H
E
P
0
5
(
2
0
0
9
)
0
3
9

[40] G. Barnich, F. Brandt and M. Henneaux, Local BRST cohomology in gauge theories,

Phys. Rept. 338 (2000) 439 [hep-th/0002245] [SPIRES].

[41] G. Barnich, Boundary charges in gauge theories: using Stokes theorem in the bulk,

Class. Quant. Grav. 20 (2003) 3685 [hep-th/0301039] [SPIRES].

[42] G. Compere, Symmetries and conservation laws in Lagrangian gauge theories with

applications to the mechanics of black holes and to gravity in three dimensions,

arXiv:0708.3153 [SPIRES].

[43] S. Deser and B. Tekin, Gravitational energy in quadratic curvature gravities,

Phys. Rev. Lett. 89 (2002) 101101 [hep-th/0205318] [SPIRES].

[44] S. Deser and B. Tekin, Energy in generic higher curvature gravity theories,

Phys. Rev. D 67 (2003) 084009 [hep-th/0212292] [SPIRES].

[45] J.D. Brown and M. Henneaux, Central charges in the canonical realization of asymptotic

symmetries: an example from three-dimensional gravity,

Commun. Math. Phys. 104 (1986) 207 [SPIRES].

[46] I.L. Buchbinder, S.L. Lyahovich and V.A. Krychtin, Canonical quantization of topologically

massive gravity, Class. Quant. Grav. 10 (1993) 2083 [SPIRES].

[47] M. Henneaux, C. Martinez, R. Troncoso and J. Zanelli, Black holes and asymptotics of 2 + 1

gravity coupled to a scalar field, Phys. Rev. D 65 (2002) 104007 [hep-th/0201170] [SPIRES].

[48] M. Henneaux, C. Martinez, R. Troncoso and J. Zanelli, Asymptotically anti-de Sitter

spacetimes and scalar fields with a logarithmic branch, Phys. Rev. D 70 (2004) 044034

[hep-th/0404236] [SPIRES].

[49] T. Hertog and K. Maeda, Black holes with scalar hair and asymptotics in N = 8

supergravity, JHEP 07 (2004) 051 [hep-th/0404261] [SPIRES].

[50] M. Henneaux, C. Martinez, R. Troncoso and J. Zanelli, Asymptotic behavior and

Hamiltonian analysis of anti-de Sitter gravity coupled to scalar fields,

Annals Phys. 322 (2007) 824 [hep-th/0603185] [SPIRES].

[51] A.J. Amsel and D. Marolf, Energy bounds in designer gravity,

Phys. Rev. D 74 (2006) 064006 [Erratum ibid. D 75 (2007) 029901] [hep-th/0605101]

[SPIRES].

[52] E. Ayon-Beato and M. Hassaine, pp waves of conformal gravity with self-interacting source,

Ann. Phys. 317 (2005) 175 [hep-th/0409150] [SPIRES].

[53] E. Ayon-Beato and M. Hassaine, Exploring AdS waves via nonminimal coupling,

Phys. Rev. D 73 (2006) 104001 [hep-th/0512074] [SPIRES].

– 15 –

http://dx.doi.org/10.1016/S0370-1573(00)00049-1
http://arxiv.org/abs/hep-th/0002245
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0002245
http://dx.doi.org/10.1088/0264-9381/20/16/310
http://arxiv.org/abs/hep-th/0301039
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0301039
http://arxiv.org/abs/0708.3153
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0708.3153
http://dx.doi.org/10.1103/PhysRevLett.89.101101
http://arxiv.org/abs/hep-th/0205318
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0205318
http://dx.doi.org/10.1103/PhysRevD.67.084009
http://arxiv.org/abs/hep-th/0212292
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0212292
http://dx.doi.org/10.1007/BF01211590
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA,104,207
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CQGRD,10,2083
http://dx.doi.org/10.1103/PhysRevD.65.104007
http://arxiv.org/abs/hep-th/0201170
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0201170
http://dx.doi.org/10.1103/PhysRevD.70.044034
http://arxiv.org/abs/hep-th/0404236
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0404236
http://dx.doi.org/10.1088/1126-6708/2004/07/051
http://arxiv.org/abs/hep-th/0404261
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0404261
http://dx.doi.org/10.1016/j.aop.2006.05.002
http://arxiv.org/abs/hep-th/0603185
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0603185
http://dx.doi.org/10.1103/PhysRevD.74.064006
http://arxiv.org/abs/hep-th/0605101
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0605101
http://dx.doi.org/10.1016/j.aop.2004.11.006
http://arxiv.org/abs/hep-th/0409150
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0409150
http://dx.doi.org/10.1103/PhysRevD.73.104001
http://arxiv.org/abs/hep-th/0512074
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0512074

	Introduction
	The basic setup
	The new massive gravity theory
	Conserved charges

	Brown-Henneaux boundary condition
	Log boundary conditions
	Left moving relaxation
	Right moving relaxation
	Both modes relaxation

	Conclusion and discussion

