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ABSTRACT: In this note we study the boundary conditions for the new massive gravity
theory in asymptotically AdS3 spacetime. We find that the Brown-Henneaux boundary
conditions are consistent with the new massive gravity for all any value of the mass pa-
rameter. At the critical point where the central charge vanishes, the conserved charges
vanish, too. This provides further evidence that the theory may be trivial at the critical
point under Brown-Henneaux boundary conditions. The log boundary conditions are also
examined and we find that we can have three kinds of log boundary conditions for this new
massive gravity theory, each of which could be consistent at the critical point, while for
other value of the mass parameter, the log gravity boundary condition is not consistent.
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1 Introduction

Recently in [1] a new kind of massive gravity has been discovered in three dimensions. In
this new massive gravity, higher derivative terms are added to the Einstein Hilbert action
and unlike in topological massive gravity, parity is preserved in this new massive gravity.
This new massive gravity is equivalent to the Pauli-Fierz action for a massive spin-2 field
at the linearized level in asymptotically Minkowski spacetime. In [2, 3|, the unitarity of
this new massive gravity and the new massive gravity with a Pauli-Fierz mass term was
examined. Warped AdS black hole solutions for this new massive gravity with a negative
cosmological constant have been found in [4].

In [5], the linearized gravitational excitations of this new massive gravity around
asymptotically AdS3 spacetime has been studied. There are four branches of highest weight
graviton solutions satisfying the Brown-Henneaux boundary conditions in this theory: the
left and right moving massless gravitons and the left and right moving massive gravitons. It
was found that there is also a critical point for the mass parameter at which massive gravi-
tons become massless as in topological massive gravity [6, 7] in AdSs [8] (other interesting
discussions on topological massive gravity theory could be found in [9-26]). At the critical
point, the leftmoving and rightmoving central charges are both zero and the energy of all
branches of highest weight gravitons vanish under the Brown-Henneaux boundary condi-
tions. It was conjectured that the new massive gravity may be trivial at the critical point
under Brown-Henneaux boundary conditions. However, the consistency of the Brown-
Henneaux boundary conditions with the new massive gravity in asymptotically AdS3 was



not shown in [5]. In this note we will first study the consistency of the Brown-Henneaux
boundary conditions with the new massive gravity in asymptotically AdS;. We find that
Brown-Henneaux boundary conditions are consistent with the theory for any value of the
mass parameter. At the critical point, both the left moving and right moving conserved
charges are zero. This provides further evidence that the new massive gravity in AdSs may
be trivial at the critical point under Brown-Henneaux boundary condtions.

As is shown in [11], at the chiral point of topological massive gravity theory there can
be a new kind of solution which does not obey Brown-Henneaux boundary conditions. This
kind of solution appears at the chiral point because the left moving massless graviton and
the left moving massive graviton degenerate at the point. To include this new solution to
the theory, the boundary conditions should be relaxed to the log boundary conditions [22,
25, 26|, and under this kind of log boundary conditions in topological gravity in AdSs,
the left moving conserved charge is no longer zero and the theory is not chiral at the
chiral point. In this note, we show that the new kind of solution also exists in the new
massive gravity. We can also take the log boundary conditions to include the new solutions.
We find that under the log boundary conditions, the conserved charges are divergent for
general value of the mass parameter while at the critical point, the log boundary condition
is consistent with the theory.

Different from in Chiral gravity, because in this theory, the right moving massless and
massive gravitons also degenerate at the critical point as well as the left moving modes, we
can have two new solutions. We can also relax the boundary conditions to the log boundary
condition in this theory to include the new solutions. Depending on which solutions we
want to include, we can have three kinds of log boundary conditions: one for the left moving
new solution, one for the right moving and one for both modes. In the first two cases, after
imposing the log boundary conditions we can only get nonzero conserved charge for one
of the two modes and the conserved charge for the other mode is still zero. This can be
viewed as a new kind of log chiral gravity, which is realized by imposing different boundary
conditions for the left moving and right moving modes respectively. In the last case, we
can have nonzero conserved charges for both modes.

The structure of our work is as follows. In section 2 we will review the new massive
gravity in asymptotically AdS3 and write out the formula for the calculation of conserved
charges in this theory. In section 3 we examine the consistency of the Brown-Henneaux
boundary conditions. In section 4 we study the log boundary conditions. Section 5 is
devoted to conclusions and discussions.

2 The basic setup

In this section we will first review the new massive gravity theory [1, 5] with a negative
cosmological constant and then derive the useful formulae for calculating the conserved
charges with given boundary conditions.



2.1 The new massive gravity theory

The action of the new massive gravity theory can be written as® [1]

! 5 1
I_lﬁwG/d xy/ g[R 2X mQK]’ (2.1)

where

3
K =R'"R,, — gR?, (2.2)

m is the mass parameter of this massive gravity and A\ is a constant which is different from
the cosmological constant. The equation of motion of this action is

1
GNV + Aguy — WKMV =0 (23)

where

K = —%VQRgW — %V,NVRJF 2V2 Ry + 4R 0g R — gRRW — RagR gy + SRQgW.
(2.4)
One special feature of this choice of K is that ¢"" K, = K.
After introducing a non-zero A, the new massive gravity theory could have an AdSs
solution
ds* = gdatdz” = 0%(— cosh? pdr? + sinh? pd¢* + dp?), (2.5)

and the A in the action should be related to the cosmological constant A and the mass
parameter by

A2
m? = AT (2.6)
and
A=—1/0% (2.7)

It would be useful to introduce the light-cone coordinates 7+ = 7 4 ¢, then the AdS;

spacetime (2.5) could be written as

ds®> = —

1 (—dr™ — 2cosh 2pdrrdr™ — dr 2 + 4dp?). (2.8)

For convenience we define )
g;w = R;w - §g,ul/R + Aguua (2'9)

and by expanding g,, = g, + hyu around AdS3, we could obtain the equation of motion
for the linearized excitations hy, as

1 _ o _
(2m? + 5A)GY) — 5(ng2 ~ VY, + 285, )RY — 2(V2GH) — Ag,, RV) =0, (2.10)

! We take the metric signature(-,4-,+) and follow the notation and conventions of MTW [27]. We assume
m? > 0 and G is the three dimensional Newton constant which is positive here.



where

1 = - g .
B = 5 (=V2hu = VWb + V7Vl + VoV ko), (2.11)

RW = (R, ¢")V) = —V2h + V,V, " — 2Ah, (2.12)
1
g;(ﬁ/) = R;(}V) - §§/JI/R(1) - 2Ahuu- (213)

After gauge fixing, we can solve the equation of motion (2.10) and obtain two sets of solu-

tions. One set is the left moving and right moving highest weight massless gravitons with

weights (2,0) and (0,2) respectively. The other set is the (6+\/2‘Z4m2€2, _2+\/QZ 4m*%) and

(72+\/2+4m262 64+v/2+4m>2¢2 )
1 ’ 1

highest weight massive gravitons. Both the non-negativeness
of the central charge and the non-negativeness of the mass of gravitons demand that
m20? > 1/2.

Very analogous to topological massive gravity theory in AdSs, interesting things hap-
pen at the special point m2¢2 = 1/2. The massive gravitons become massless at this point
and both the central charges and the energy of all branches of gravitons become zero. This
implies that the theory may be trivial at the special point under Brown-Henneaux boundary
conditions. In the next section we will show that Brown-Henneaux boundary conditions are

consistent with this theory and at the critical point m2¢? = 1/2 all conserved charges vanish.

2.2 Conserved charges

In this subsection we will give the basic formulae to calculate the conserved charges using
the covariant formalism [26, 32-34] (see also [35—42]) for this new massive gravity.

The covariant energy momentum tensor for the linearized gravitational excitations of
this new massive gravity theory can be identified as

32mm*GT,, = (2m? + 50)G) — %(QWW — V.V + 2A5,,)RY — 2(V2G) — Ag,, RW).

(2.14)
It can be checked that the conservation of this energy momentum tensor ?“TW = 0 could
be obtained from the following equations:

@ugfﬁ) =0
V(G V? = VY, + 2AG,, )RY =
VA(V2G() = Aguw)RY = 0. (2.15)

It’s shown in [43, 44] that when the background spacetime admits a Killing vector &,
the current

KF = 167GE, T (2.16)

is covariantly conserved m/cu = 0. Then there exists an antisymmetric two form tensor
FH such that

Kt = 167GV, F* (2.17)
and the corresponding charge could be written as a surface integral as
1 1 4

- Kk = - dS;/—gF% 2.18

Q) = ~gog [ VI =~ [ dsi=iF, (215)



where OM is the boundary of a spacelike surface M. We have chosen M as constant time
surface here and the expression is under the coordinate system of (2.5).

We can rewrite each term in the expression of the energy momentum tensor (2.14) as
a total covariant derivative term [43, 44] using the definition and the following properties
of Killing vectors:

V" =0, V,VHET = 2AEH, V3¢, = —2A&,, (2.19)
to be
25”9(1)#1/ _ vg{guvuh(ru o gyvah,uv + é-,uvah o ga'v,uh
FREVTE, — hOVNIRE, 4 EON Y — €9 RV 4 hv“g”}
(2.20)
& (9 V2 = V9" + 289" ) RO = V,{¢"V7RD + ROTHeT — ¢79r RO (2.21)
¢, (vzgu)w _ AgwR(l)) _ @U{gﬁag(l)w _ ¢, vrgWev _ gmrgag,
+g(1)"”W§V} + 206, GMm, (2.22)
Thus we could write
&TH =V, FH, (2.23)

where
R e E (A TR G )
2m22 ) 2 1> v

FRIYTTE, — hTVVIE, + ETV B — €, B + Ve |

1 _ _ _
— 5 { VTR + ROV — 7R |
_%{&,@Ug(l)w — & vrg — g gre, 4 gl gng, L (2.24)

Thus the conserved charge (2.18) becomes

Q) = ——— [ dsi/=5F". (2.25)

87TG OM

Here we choose the spacelike surface as the constant time surface. For asymptotic AdSs
spacetime, the expression for the conserved charge could be simplified as

Q&) = — lim L / do/—gFor, (2.26)

p—oo &G

where p is the radial coordinate of AdSs3. Note that here to get the formula for the conserved
charges, we have used the definition of the Killing vectors vugy + v,,fﬂ = 0 which does not
hold any more for asymptotic symmetries of the spacetime. Thus for asymptotic symme-
tries which do not obey vﬂ@, + v,,&u =0, (2.23) is no longer a conserved quantity and we
need to add some terms composed by V,&,+V £, and hy,, [21]. However, the formula (2.26)
will still be valid to the linearized level of gravitational excitations in our consideration.



3 Brown-Henneaux boundary condition

In this section we will analyze the Brown-Henneaux boundary condition [45] for the new
massive gravity theory. We will calculate the conserved charges corresponding to the
generators of the asymptotical symmetry under this boundary condition and see whether
all the charges are finite or not. In this and the following sections we will work in the global
coordinate system (2.5).

The Brown-Henneaux boundary condition for the linearized gravitational excitations
in asymptotical AdS3 spacetime can be written as

hit=0(1) hi—=0(1) hip = O(e”)
h_+ = h+_ h__ = 0(1) h_p = 0(672[)) (31)
hpt = hyp hp— = h—p hpp = Oe™?)

in the global coordinate system.

The corresponding asymptotic Killing vectors are

£=¢T0, +E0-+¢°9,
= [eT(7T) + 27202 (77) + O(e *)] 04
+ e (r7) + 27203 (v) + O(e )] O
1

—3 (01t () + 0_€e (17) + O(e™?)] 0, (3.2)

. I . it . inr—
Because ¢ is periodic, we could choose the basis €}, = ¢ and ¢,, = € and denote

the corresponding Killing vectors as ¢ and ¢£. The algebra structure of these vectors is

ileh i =m-n)ek, ., il =m-n)el,, (&6 =0 (3.3)

Thus these asymptotic Killing vectors give two copies of Virasora algebra. To calculate the

conserved charges using (2.26) we first parameterize the gravitons as follows

hip = fr4(T0) + ...
hyo = fo(1,0) + ...
hyp, = ei2pf+p(7'7 ¢)+ ...

ho— = f__(1,0)+...

h_, = 672pf,p(’7', d)+ ...

hop = € 2P fop(T, ) + ..., (3.4)
where f;w depends only on 7 and ¢ while not on p and the “...” terms are lower order

terms which do not contribute to the conserved charges. After plugging (3.4) into (2.26)
and performing the p — oo limit, we obtain

1 1 _ 1 tre)16f. — f
Q= 877G€/d¢ [(1— —2m2£2> (e fite f)—<1+2m2€2> ("+e )(16 + )
(3.5)




for this theory. Three components of the equation of motion (2.10), which do not involve
second derivative terms, can be viewed as asymptotic constraints. The pp component gives

16f4— — fop=0 (3.6)

at the boundary and the 4+p and —p components give
(1—=2m20)0_fry =1 —2m**)o,f-_ =0 (3.7)
respectively. After plugging in these boundary constraints, the conserved charges become

8 Ge/ [( 252> (€+f+++6_f__)]

= QL+ Qr, (3.8)

Q

where the left moving conserved charge is

Q=g Ge/ K 252> (€+f++)}, (3.9)

and the right moving conserved charge

Or =g G@/ [< 2@2> (e_f)]- (3.10)

The left moving and right moving conserved charges fulfill two copies of Virasoro algebra

3¢ 1
C], = CR = ﬁ<1—m>, (311)

which are the same with the ones obtained in [5, 28-31]. We can see that the conserved

with central charges

charges ) are always finite for arbitrary value of m, so the Brown-Henneaux boundary
condition is always consistent with the new massive gravity theory. At the critical point
m?2¢? = 1/2, the conserved charges vanish which provides further evidence to our previous
conjecture [5] that the new massive gravity theory may be trivial at the critical point under

the Brown-Henneaux boundary condition.

4 Log boundary conditions

At the critical point m?¢? = 1/2, new solutions of the equation of motion (2.10) can be
constructed following [11] to be

new _ lim ¢%(m2€2) - TZJZIL/ .

W ety mEe — 1/2

(4.1)

Note here that we have both left and right moving massive and massless modes, so we
could obtain both left and right moving new solutions, which are
ML (1242 — gyl

newl __ : pv uv
= l —
Vv m2imtj2 m20E — 1/2 = y(m v

mlL (4.2)



and
MR(’I’I”LQEQ) _ wlTVR

newR _ : v . mR
respectively. The function
y(7,p) = (—iT — Incosh p)/2 (4.4)

is the same for the two solutions.

These new solutions do not obey the Brown-Henneaux boundary conditions. The
energy of these new solutions can be calculated using the Ostrogradsky procedure [8, 11,
46] to be a negative, finite and time-independent value, which is —% for the specific
solutions (4.2) and (4.3). This may suggest the instability of the AdSs vacuum under the
relaxed boundary conditions. However, it may still be stable non-perturbatively and it is
still useful to analyze the new boundary conditions.

4.1 Left moving relaxation

In order to include these new interesting solutions, the boundary conditions need to be
loosened [22, 25, 26]. Earlier investigations on the relaxation of the boundary conditions
for gravity coupled with scalar fields in anti-de Sitter spacetime could be found in [47—
51]. Because we have two new solutions, we can relax the boundary condition either to
include one of the two solutions or to include both. Thus there are three kinds of boundary
conditions. In this subsection we analyze the first kind of these, which is exactly the same
as the one used in topological massive gravity for p > 0.

We relax the boundary condition as follows? to include the solution 1,[)2§WL:

hit = O(p) hy— = O(1) hip = O(pe?)
h_+ = h+_ h__ = O(l) h_p = 0(672p) . (45)
hpt = hyp hp— = h—p hpp = O(e™*)

Then the corresponding asymptotic Killing vector can be calculated to be
=60, +£70-+¢£°0,
= [P (rT) +2e70% e (77) + O(e )] 04
+e (77) + 20T et (7T + O(pe )]0

—%[mﬁ(#) Lo (r) + 020, (4.6)

Note that these asymptotic Killing vectors are different from (3.2) only in the subleading
order, so these also give two copies of Varasoro algebra the same as (3.3).

2This boundary condition is called the log boundary condition in the sense that if we change from the
global coordinate to the Poincare coordinate system, the relaxed term is a logarithmic function of the
radial coordinate.



With this new boundary condition we can parameterize the asymptotic excitations

as follows
hiy = pfii(r¢)+ ...
hee =15 (rd) + ...
h+P = pe_pr—{—lp(Ta ¢) Tt
hoo = fr(r,0)+...
h_P = ei2pf£p(7-7 (b) T+
hpp = € 2P fl(T,0) + ... (4.7)
Note that lfy depends only on 7, ¢ while not on p and the “...” terms are subleading

terms which do not contribute to the conserved charge. After plugging (4.7) into (2.26)
and performing the p — oo limit, we could obtain

1 1 1 et e )A6fL — fLY 9t fL
Q:—/d¢ 1 ——5=](c0)—(1+ ( )61 fpp)+ iy
8TGY 2m202 o202 16 —
(4.8)
Here the first term is a linear divergent term proportional to p at infinity, which is

caused by the relaxation of the boundary condition. We see that the conserved charges can
only be finite at the special point m2¢? = 1/2, which means that the log boundary condition
is only well-defined at the special point m?¢? = 1/2. There are now two asymptotic
constraints coming from the equation of motion (2.10), which are

167 — fr, =0, (4.9)

and
o_ft, =o0. (4.10)

Now at the point m2¢? = 1/2, the conserved charges become

Q=g [l ] Qo (4.11)

It’s interesting that though we have loosened the boundary condition to get nonzero left
moving charges, the right moving conserved charges are still zero. The original new massive
gravity theory has a left and right moving symmetry and we have symmetric left and right
moving modes. However, the “chiral” boundary condition (4.5) breaks this symmetry,
which leads to a “chiral” gravity which does not possess the left-right symmetry anymore.
Thus the new massive gravity with the boundary condition (4.5) can be viewed as a new
kind of log chiral gravity, the chirality of which is realized by imposing “chiral” boundary
conditions. Note here that the central charge for the left moving mode is still zero under
this boundary condition, similar to [25] for topological massive gravity.

4.2 Right moving relaxation

The second kind of boundary condition is similar to the first one, and can be obtained
from the first one by exchanging 7+ and 7~. This boundary condition is also the same to
the log boundary condition of chiral gravity with p < 0.



We relax the boundary condition of the gravitons to be
hiy =0(1) hio=0(1) hy,=0(e?)
hoy=hy  ho_=0(p) h_,=0(pe?)|. (4.12)
hpt = hyip hp— = h—p hpp = O(e™*)

Then the corresponding asymptotic Killing vector is

§=£ET04 + & 0-+¢€°0,
= [e"(rH) 4+ 2e728%  (77) + O(pe )]0,

e (77) + 22T (1) + O(e )]0

—%[mﬁ(ﬁ) Lo (r) + O )0, (4.13)

These asymptotic Killing vectors are different from (3.2) only to the subleading order, and
it also gives two copies of Varasoro algebra (3.3).
This time we can parameterize the asymptotic behavior of gravitons as follows

hiy = [ (m0) + ...

hie = [ (1,6) +...

hip = e [ (r.0) + ...

he— =pff (r,¢)+...

hep=pe 2 fl(m¢)+...

hop = € P fR(r0) + ... .. (4.14)

Note that fﬁ depends only on 7, ¢ while not on p and the “...” terms are lower order
terms which do not contribute to the conserved charges. After plugging (4.14) into (2.26)
and performing the p — oo limit, we reach

_ 1 1 1\ (€ + )6 — f) 2 fR
Q= Srai /d¢ [(1 B 2m2€2> (00) - (H 2m2e2> 16 o 202

(4.15)

The first term is also a linear divergent term and we can see that the conserved charges
2 52

can only be finite at the critical point m*¢= = 1/2, which means that the Log boundary
condition is only well-defined for this special point. The two asymptotical constraints from

the equation of motion is now

165 — =0 (4.16)
and
o % =o. (4.17)
Thus at the critical point we have
1 — R
= = . 4.1
Qu=0. Q= [ dofe ] (115)

This is also a new chiral gravity with log boundary conditions. The right moving central
charge is still zero.

,10,



4.3 Both modes relaxation

In this subsection we consider the possibility that both 1" and "*"R can be included
after the boundary conditions are relaxed. To reach this, we need to loosen the boundary
condition for the gravitational excitations to be

hit = O(p) hy— = O(1) hyp = O(pe=??)
hoy=hy_ h__ = O(p) h_,= O(pe=?) | . (4.19)
hpt = hyp hp— = h—p hpp = O(e™*)

The corresponding asymptotic Killing vector can be calculated to be

=0 +60-+¢8°0,
= [t (7)) +2e720% e (17) + O(pe*))0,4
+le (77) + 26_2p33_6+(T+) + (’)(pe_4p)]8_

—%[mﬁ(ﬁ) Lo (r) + O )0, (4.20)

Note that these asymptotic Killing vectors are still different from (3.2) only to the sub-
leading order, so it also gives two copies of Varasoro algebra (3.3).

With this boundary condition we can parameterize the asymptotic behaviors of grav-
itational excitations as follows

hiv = pfE(r ) +...

hie = [P (m) + ...

hip = pe 2 (r,0) + ...

he_ =pfB (1,0) +...

hep=pe P f5(1,0) + ...

hop = € P fR(T 0) + ... (4.21)

“. .7 terms are lower order terms

Here fﬁj depends only on 7, ¢ while not on p and the
which don’t contribute to the conserved charges. After plugging (4.21) into (2.26) and

performing the p — oo limit, we have

1 1 1\ (e + )62 — 1)
©= S /d¢ [(1 - 2m2£2> (00) = (1 * 2m2£2> 16 -

26+ff+ + 2 fB_
+ m2(2 '

(4.22)

The first divergent term is still linear divergent and the conserved charges can only be
finite at the special point m2¢2 = 1/2. This means that this third kind of log boundary
condition is also only well-defined at the special point. Different from the previous two
kinds of log boundary conditions, now the equation of motions (2.10) gives three asymptotic
constraints, which are

16/ — =0 (4.23)

— 11 —



and

o_fP, =o,f% =0 (4.24)

respectively.

After drawing terms which vanish under these constraints, we get

1

1 _
=gy [ IIE] Qn= g [ ol 7] (425)

at m2(?> = 1/2. This time the left moving and right moving conserved charges are both
nonzero. The left and right moving central charges are still zero with the same arguments
in [25].

5 Conclusion and discussion

In this note we have studied the Brown-Henneaux and log boundary conditions for new
massive gravity in asymptotically AdSs3 spacetime. We find that the Brown-Henneaux
boundary conditions are always consistent with this theory and at a critical point m?¢? =
1/2 the conserved charges all vanish and this can be viewed as further evidence that the
theory may become trivial at this point under the Brown-Henneaux boundary conditions.
Log boundary conditions can also be imposed to this new massive gravity, but it is only
consistent at the critical point m?¢? = 1/2. According to the boundary conditions of which
components of the gravitons are relaxed, we have three kinds of log boundary conditions,
and each of them is consistent at the critical point. It is also interesting that the first two
kinds of log boundary conditions can give a new kind of log chiral gravity because we have
imposed boundary conditions which are not symmetric for the coordinates 7+ and 7.
Although the log boundary conditions for the new massive gravity can be consistent to
the linearized level, the physical consistency of log gravity still needs to be studied. It will
be interesting to find solutions to the full equation of motion which can be viewed as nonlin-
ear generalizations of the linearized solutions which have the log asymptotic behavior found
in this paper, just as what has been done for topological massive gravity in [52, 53]. Also it
would be interesting to find other consistent boundary conditions for this new massive grav-
ity in asymptotically AdSs at both the critical point and other values of the mass parameter.
Further understanding of this new massive gravity theory in asymptotically AdSs and the
dual field theory would be helpful to the study of quantum gravity in three dimensions.
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